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FOCUSING CHARACTERISTICS OF SYMMETRICALLY
CONFIGURE D BOOTLACE LENSES *

I. Introduction

‘rhe bootlace lens was invented by H. Gent in 1956. (1, 2 ]  As shown
in Figure 1. it use~; a planar, homogeneous wave-transmission region
which has a set of t -ced ports on one side and a set of lens ports on the
other. For the case in which the radiator array is constrained to a
straight l ine , it has been shown that perfect focus can be obtained at
three points on the feed curve . [3]

Design equations of the bootlace lens w~re presented by Rotman and
Turner in 1963, and they also gave examples of aberration characteris-
tics. [4 1 Archer has recently described applications of the lens. [5]
Whereas the primary intended application of the lens in the 50’s was for
rapid mechanical scan by means of feed motion , recent interest has been
based on the lens ’ capabilities as a multiple-beam system. Gent lenses
have been used recently in experimental precision aircraft landing
systems in Australia and the United States.**[6]

}otman and Turner required that the feed curve he circular and
opt1mize.~ the design parameters accordingly. This was consistent~ wit.~
rapid mechan ical scan of feed horn . In terms of multiple-beam config-
urations , however , requiring the feed curve to be a circle is an unnec-
e~~-~.iry constraint . The design study described in this paper placed no
limitation on the shape of the feed curve , and concluded that the h-n ;

exhibit front-to-back symmetry . Furthermore, although examples
of aberration characteristics were presented by Rotman and Turner , it is
not possible to predict lens performance for all cases using t h -  r
paper. That is, the design limitations of the lens were not establisIie~1.
Sufficient computation has been done to present in this paper a compre-
hens ive descr iption of the focusir.g characteristics of a symmetrically
configured class of these lenses.

This paper does not treat the amplitude distributions produced at
the aperture of the lens, nor does it address the far—field pattern
characteristics , since these are determined by both the phasc .snd
amplitude distributions at the aperture . The analysis is based on
geometrical optics ray-tracing techniques.

* The work described in this report was performed under Interagency
Agreement DOT—FA75WAI-556 for the Federal Aviation Administration .

** Australia ’s Interscan Microwave Landing System employs a Gent lens

for flare elevation guidance.

Note; Manuscript submitted March 31 , 1977. - -
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The next section of the paper reviews preliminary consideration’-
with regard to performance and design parameters and introduces a
symmetry concept . The third section presents design characterinti~~;.
The design equations for these lenses arc derived in the Appendix , and
a listing ot  a computer program for qenerating lens dimensions is given.
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II. Preliminary Considerations

Perfo rmance Parameters

A typical wavefront aberration curve produced by a bootlace lens is
sketched in Figure 2. The lens is coma-limited in that the predominant
aberra tion is described by a cub ic function . If the maximum wavefron t
aberration is plotted versus the location on the feed curve, the result
is shown in Figure 3. Thus , not only is the dominant aberration cubic,
but the magnitude of aberration is also a third—order polynomial in the
displacement along the feed or focal curve. •

One oblective of this section is to define a measure of aberration
and a method for determinin g the portion of the feed curve that y ields
a given performance level for a particular lens design . A wavefront
error surface has been used for this purpose, arid a typical surface is
depicted in Figure 4. The level of the surface relative to the z1, z2
plane represents the amount by which the wavefront, located at aperture
point z2. deviates from ideal linear collimation for any feed point
located at z1. The intersection of the plane, z1 = constant, with the
error surface gives the wavefrorit error curve for that feed point . Thus,
Figure 4 contains a complete descript ion of the focus ing per formance of
the lens . The three foci for the example are at z1 = 0 and = +1.
The reference linear wavefronts from which the error surface is computed
are chosen so tha t every error curve has zeros at z2 0 and z2 = +1.
For lens configurations with right—left symmetry , the error surface is
symmetric about the origin. If front—to—back symmetry is imposed , z1
~~~ z2 are interchangeable , and the error surface is also symmetric
about the lines z2 = ±zi. The error surface has four relative extrema ,
one in each quadrant , and these are labeled and 62. By symmetry ,
these extrenia are located on the lines z2 = +z1.

To determine the reg ion over wh ich the feed and lens curves are
usable, the larger of ~l I  or 6 2 1  is selected and called 6m’ Then the
maximum values of z2f and Izi , referred to as are increased un ti l

~3 1 , ~~~, ~5j or = 

~~~ 
153 and are the values of the error

surface at the four points defined by Jz 11 1z 2 1 = Zm • 64 and are
the local extrema on the intersections of the error surfa ce with the
planes defined by z11 = Zm and k~2I 

= Zn. In general , 53 = 64 = =
= 0 for = 1 and the absolute values of 6 3~ 64. 65. 66 increase

monotonically with increasing Zn. It is found that 6m is determined by

~~ 
and Zn is determined by 63 for lenses tha t are likely to be of

practical interest.

The Case for Symmetry

The lens configurations presented in this paper have the symmetry
illustrated in Figure 5. The lens and feed curves are identical with
spposite orientations. The port locations on the lens and feed curves
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are also identical . Further , a set of transmission lines is connected
to the feed ports, identical with the lines connecting the lens ports
with the array elements. The resulting configuration exhibits front-
back as well as right-left symmetry , and the input ports and array
ports can be interchanged . In the orig inal concept of the bootlace
lens, the transmission lines constitute the lens . In the conf iguration
of Figure 5, the lens is compound rather than simple in the optical
sense , and it can be viewed as a symmetric doublet.

The reasons for choosing the symmetric configuration are collected
and listed as follows :

1. It was found that an asymmetric lens will have either the lens
arc or the feed arc more strongly curved than the arcs obtained for the
symmetric solution. In addition , the more strongly curved arc will
have larger port spacings and a larger variation in port spacing from
center to edge.

2. Symmetric lenses exhibit better aberration characteristics .

3. The self—illumination problem -- the tendency for feed ports
to illuminate other feed ports, for example -— is more severe for
asymmetric lenses.

4. The symmetric lens is smaller than an equivalent asymmetric
lens.

5. It is possible to divide a symmetric lens on its line of
symmetry with a reflecting plane and realize a reflection-type col-
limating system for which the feed ports and radiating ports are
identical . Figure 6 illustrates such a system .

6. If some type of beam synthesis is to be carried out using
combina tions of beams , the symmetric conf igura tion with two sets of
transmission lines must be used to insure that all beams have the same
far-field phase reference. The formation of rnonopulse patterns is an - 

-

example of such synthesis. —
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III. Design Data

The derivation of ttc se design equations for Gent lenses followed
a not uncommon course for exploratory analysis -- the initial objectives
were not achieved by the final results. The initial objective was to
derive a simplified design procedure without regard to symmetry . Th-
purpose was to obtain general  relat ionships about the lenses rather
than detailed design i n fo rma t ion.

The m i t  ial ana lys i s  used the end points of the l -~~s -I 1 I -V ~~ in~~
the three ~~~~~ (~oinLs ac inputs . From these , fourth power polynomial~;
were derived for the feed and lens curves and for the  t ransfer  func t ion
from the lens curve to the radia t ing array . Approximate estimates of
lens performance were made , and large numbers of cases could be t t - sted
very quickly because of the minima l computation involved .

It was noted that a jud ic ious  choice of in i t i a l  conditions pro-
duced a lens with front-to-back symmetry as well as right-left symmetry ,

~it least t~ the six place accuracy of the computer p r in t—out . Then it
was ascertained that symmetric conf igura t ions  give better aberration
~~aracteris t ics  than asymmetric . Finally , it was realized that  the
symmetric lens represents a one-parameter family and that performance
~iluation on an exact basis could be carried out straightforwardly.

At this point the approximate analysis was abandoned , and the exact
solution for the symmetric lens , outlined in the Appendix , was derived .

The design equations derived in the Appendix have been programmed
ITUL ~oittpuLei c.,ieu lat . iou , arid sonic ot the results are plotted in
Figure 7. The basic parameters of interest -- lens dimensions normal-
ized to aperture length , element spacings relative to X/2 , and maximum
wavef ron t  deviation relat ive to the aperture length -- are presented
in terms of lens th ickness , T. Figure 8 is a plot of the lens shapes
f-Dr r = .775 , 1.04 and 1.65.  It is not accidental that the endpoints
- f  the lens curves shown in Fi gure 8 appear to fa l l  on a straight l ine .
[t is shown in the Appendix that  T-G~~~.75 , and it has been found that
~~ t~~si des ign data devia te  by less than .002 . Thus , the axial depth
of Lens and feed curves , which is (T-G)/2 , is very nearly 3/8 the

• ape r tu re  length for a l l  lenses . - -

-
, As described in the Appendix , the symmetric Gent lens forms a one-

~arirr~ ter family, and this parameter can be any one of the dimensions

~1c~t t ~~J in Figure 7. The dimensionless parameter A is also plotted
because the design equations use A (or C) as one of the initial inputs.
All lenses have been scaled so as to provide ÷90 degrees coverage from
i radia ting array of ha l f  wave length spaced elements .

It is notable that the wavefront deviation is a rapidl y varyin~
function of lens size. Doubling the lens thickness reduces aberration
by a factor of ten. If the allowable wavefront deviation is f~ /1 I , it
is found that the most compact lens —— with T = .78 —- i~ useblc’ w i t h

10
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a maximum aperture size of 20A . A lens of intermediate compactness ,
with T = 1, is usable with an aperture as large as 60A . For T = 1.5 ,
the aperture can be l8OA.

Many optical systems have aberration which is a power of some
parameter such as the F/D ratio. The ava i lab i l i ty  of such a relation-
ship simplifies the analysis of the optical system in practical
applications . An attempt was made to deduce a simple functional rela-
tionship between wavefront deviation and one of the lens parameters ,
b~ t regrettably without succe~- s.

The element spacings on the feed and lens curves are consistent
with phased array theory applied to arrays with limited angular coverage.
[7] An efficient linear phased array radiator with ideally suited
directive characteristics and coverage limits of 0

~ 
and 02 will have

elements spaced accord ing cc

A
S 

Sj ~ 0 2 —sin  0i

For the most compact lens , with G=0 , T= 3/4 , and 0=1, the center elements
—l~have 0~ = tan T and 0 =-tan ~~~, giving S . = .625 A .  The edge1 1min

elements have 0, = tan 3 and U
~ 

= -tan ~~~, giving S~~ = . 790 6A . These

values are seen to be close to the limiting values as T -‘-.75, of the

S . and S curves in Figure 7.max

In order to obtain specific design information to be used in
constructing a lens , one must use the equations presented in the
Appendix. Figure A-i of the Appendix should be examined at this point
and the dimensional parameters defined thereon understood . Figure 7
is useful  in predicting the general dimens ions and performance of a
particular lens . The procedure is to select a candidate lens from
Figure 7. determine the appropriate value of the parameter A , and then

-~ enter the design equations at Equation (A-7). Alternatively , one may
use the computer program , using the number of ports and the value of A
as inputs.

13
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IV. General Discussion of Bootlace Lenses

Although the primary purpose of th is  paper is to present theoret-
ical des ign data for bootlace lenses , it is also worthwhile to exdmj zn~
the more general comparison between the characteristics of these lenses
and “ideal ” bootlace lenses . A l ist ing of the actual and ideal charac-
t e r i s t ic s  is presented in Table I.

Table I . Comparison of Actual & Ideal Lens Characteristics

Des i gn Feature Actual Lens Ideal Lens

1. Interconnecting trans— Lines have variable All lines should
mission lines lengths have equal length

• Feed & lens curves Both curves have Both curves should
strong curvature be straight lines

~~. Required port radia- Patterns necome Patterns should be
tion patterns asymmetric for symmetric for  all

of f—axis  ports ports

4. Port spacing function Port—spacing in- Port spacing should
creases for o f f -  be constant for a l l
axis ports ports

~~~. Output amplitude Becomes asymmetric Should be uniform
distribution for off—axis ports or at least ~

— ‘ -‘-‘-

metric for all ~~~~~~

Table I indicates that the conventional bootlace lens , al though it
is juite good, is far from ideal. It can be shown that items 1 and 3
-i re directly related. That is, if a lens can be devised with all line
Lengths equal , it will automatically require symmetric port radiation

- 

~atterns. It can also be shown that if item 4 is satisfied , the lens
- ;~1ri radiate directly without using the lens or radiator arrays or the
uiierconnecting lines. That is, if item 4 is satisfied , the lens is no
longer of the bootlace type. Thus, for bootlace lenses , Table I can be
reduced to three design features for comparing actual and ideal lenses--
interconnecting line lengths , feed and lens curves , and amplitude
distribution. J. P. Wild has proposed an ingenious bootlace lens con-
fi guration which satisfies the ideal requirements for these design
r t a t u t ~~s. (81 The parallel-plate portion of the lens is not a planar
,nr f,,c~ , however.

No mention has been made of the focal length of these lenses , nor
of other optical parameters such as field of view. Potman and Turner
,s~~d such terms, def i n i n g  focal length as the center—line length ci the

-~jvt- transmission region and equating the angle to the off-axis focus

14
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to the coveraqe by requiring that the port  spacinq of the radiating
array be equal to t hat  dt the center of the lens curve.

The design procedure of t h i s  paper emphasizes internal consistency
i n t t~rms of a r r a y  theory .  The resu 1t~~~t lens-antenna system has a hal f—
wave spaced a r r a y  of N r ad ia tors  fed by an N-port lens.  The N beams
w i l l  jus t cover the ~s~90 deg of visibl~ space. Note that lenses defined
in this  way have per formance  equiva len t  to t ha t  of a Butler ma t r i x .
If we desire  to  uhisin ‘~1 hcams f r o m  an N — ’ - l o m e n t  a r r ay  • where ~ -:N , we
do not u t i l i z e  a s m a ll er  port ion of th e  t~ - - -t i i ,  ye of an N — b e a m  lens .
Instead , we e l ec t  t o  f i l l  the lens curve of an N—beam lens with N
elements .  Therc i lu re , a l l  lens c o n f i g u r a t i o n s  are symmetric , whether
N x N (elements  x beams ) or N x N.  i h i s  : 1 -  jn r l J l ( )  sos the  e f fec t  of
gr e a t ly  r e d u c i n g  t h e  complexity ~ the o r ;  ;f l  process -

i t  may be somewhat d istu r b i n q  to r ea l is e  tha t  t h e  N x M c o n f i g u r a —  - -

tion may r e su l t  in a r b i t r a r i l y  small  p o r t  s~~-~~~C i n q u  fo r  t h e  lens curve.
Al t I i: s~ ih this may present some pr -oct  ica l  d i f  i cu l  t y ,  it is tn - u r c t  —

cal l y p laus ib le .  The lens ports w i l ]  be m u t u a l l y  coupled ~,nd mismatched
for small  port spaeinqs . However , the  feed ports  w i l l  he n ;trh ’-d and
the lens wi l l  be theore t i ca l ly  ~-ss  -sc as cc- n f ‘r u b ’  f e~-~ i o i  t s.
This is analogous to the extreme case of O b t c l nj f l q  i s ing l e  beam from
an array using a power divider . The j owsi divider is mismatched when
viewed from a single array port . Fur thermore , a mult ibeam antenna
array should ideally have one radiator for each beam , even for small
overall  angu l a r  coverage . 19) In a practical  r e a l i z a t i o n , caief ul
enoineering desian should always y ie ld  N cN/2 , or no mo re than swo
radi ators i c r  beam. Thus , the r n i n i m u n  -

~~ m~ n t  spacing on the  lens
curve will be about .3~ to .4~~.

15
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V. Conclusions

The focusing performance of a symmetric class of l i ne—source ,
mult iple—beam bootlace lenses has been evaluated . Desi gn data for t h u
lenses have been presented in qraphical form . Design equations and a
computer program for generating detailed lens dimensions have also been

-r e sented . All designs have been normalized to produc e +90-degree —

coverage from a A/2 spaced array of radia tors .  It is found that  the
most compact lens , wi th  wid th  about equal to the length of the a r ray
,ri d thickness of .75 times the  length  of the a r ray , ca n feed an a~s r

t h e  of 20A or about 40 eLemen t s .  Increasing the s ize of the lens
relative to the rad ia t ing  array sharply reduces the wavefront  aberra-
t~on: doubling the thickness of the lens reduces aberrat ion by a fac tor
of ten , making apertures of 200 1 feasible .

-J
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appendix

Derivation of Lens Des iqn Equations

The initial configuration is shown in Figure A-i .  The lens curve ,

p lotted in an x—y plane , is specified by the points (0 , 0) and ( t i ,  A-C) .

The foci are at (0 , 2A—C ) and (± l ,A) . These s ix points are chosen so

that  the lens exhibits the desired symmetry . The corresponding portion

of the radiating aperture covers the interval -1 z < 1. pathlengths

~ ~m the foci to arbitra ry lens cur ie lo c at L o s (
~~, y), 

thence through

flit-’ transmission lines L to the radiating aperture at 
z are indicated .

!‘ixe following ciuararitee the collimation of wavefronts from 
the three

fu~~i:

L ( x . y )  = L -

= 2A - C - (A — l )

Equation CA - i )  collimates all rays from F .

+ L = — kz/2

£
5 

+ L = 9.
3 + kz/2  (A— 3)

Equations (A-2) and (A-3) collimate all rays from F1 
and F2. The

constant k must be determined .

Expressions for the pathleng thS are as follows :

~~~~~~~~~ 

\I~~~~~~~~ + l  

2
£

4 
— (x — 1) ÷ (~ — Y)

= + 1) 2 
+ (A —

~2 
~~~x2 + ( 2 a _ c _ ~~~~~

l-:q,tations ( A— 2 )  and ( A—3 )  become

+ 1)
2 + (A  - ) 2 

- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 
4 -  C)z

(x + 1) 2 
+ (A — y) 2 

+ ~~~~~~~~~~2 + ( A y )
2 

= 2(~~A 2 + 1 — 2A + C +

(A— 5)

18 it
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where k = VC
2 

+ 4 — C since x = 1, y = A - C, z = 1 is am initial
constraint. This same constraint applied to Equation (A—5) yields

4 ( V A 2 + l _ A )  =VC
2 + 4 _ C  (A — 6 )

Equations ( A — 4 ) ,  (A—5 )  and (A—6 )  de f ine  a one-parameter family of
lenses. The independent parameter is either A or C, and Equation
( A—6 )  gives one in terms of the other.  Then Equations (A-4) and (A—5)
are solved for x and y for any given value of z.

Equation (A-6) can be expressed parametrically as

w U
2 tan~~- = tan~~- ,

where

A = c o t w

C = 2 c o t u

Explicit solutions are

A = cot~~ 2 tan 
1

[½ tan (½ cot~~ ~~~ ) i }

C = 2 cot~ 2 tan 1 (2 tan (½ cot
_l

A) J~ (A-7)

Equations (A—4) and (A-5) are solved as follows :

The value of x is found from

2x 2 2xa (— ~j) + b (—jj) + c = 0,

taking the positive value of the root ,

where

a = 4 _ U 2 _
(A

V
C) 2

4W
b =  ( A - C T ~

2 4W 2
c = U  4 (A _ C) 2

— 
8 2

~1
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F.’ 2 ( — 2 / i  x - 

~\ A ‘ x )

‘J u t val  it  1 L is given by 

——
L~~~~~~~’ A - C - \ X ~- ( 2 A - - c — ’ , ) ~~

(‘(it’ i -xt - - t  - ; - i , n  t I c  dts iqn procedure is to determine t he  extent
(~)t F i r  1cm -i i i ’  I -~ - - i i ~~ves t h at  can be ‘~ :-n to I r ov i t ie  the b € s t

( ‘ns ib le  ( ( 1  ‘ r 5 F cISII t h e  l r ’fl~~ - \ n l i  - , t ~~~ I i i i  F1r~~t o~ 4 , i w ax —
1111011! ~~, , t ’ f t i i t  - l ~ - i~~ i — i , ô • (5 0 ’ i i i t i  I I - r ’  1i~~~~~1 ( I , L~~hi L e 1011 ci the’
1 1 3  eii rv t . Ii t h e  s1x im ~~mi usable v aLi t  ‘f z is  t t xj n d  by t r y ing
va1 ue~ i t  -~1 - n m l  i l i c  wa\ rroni d ev i at  1 1  t’tlu~ ls 6 . It wa~ found
t h dt  Zn i ~ 1 f i n  i on  of A , and Fi gure 11—2 is a 1 lot  this ,cl~~tion—

1 - i ~ - . I f  r i .  - i ’  , f~ i t : er ror  f t m r i y t i n w , - L e  X I I  $ Iv  cubic in t - r m ~i:; of
.‘, t h e n  ,~0 j  1’~ 2 / i  ~~, or 1. ~~‘47 . 1 u~ A = 10 , ~- i: i  = 1 . 1500 , W 1 1 1 t I 11 

~‘r t ~~’ t h ,  los - - e t m i c  t - :  t ha t  Zn = 1 .153 7 i n  ~n s ;vm j -t ot e  of f l i t ’ c ur v e

cit t i p i r ’ 11—2 . }‘j ; t l i ~e 11—3 is a n i st  of t t ~~ ’ -5, , - r . t  i t  i C S , fl
/ ’ , for

i i  = L t- ’ 0 , i i -  i t t min - t i on  of A .  - i q n i c 11 3 :-h~~ .sn ci , i : i y th e -- i r i a t  I ’ i i i

~ - ‘ t - - en t i t ~ -i i i  t ace  from the ideal cubic  l unction fs - i  small  A.  The
l i t  t l ’~~i E , . r - k  m o ie  nearl y cubic as A int - r e,Is05 . If F i q u :  R—3 vein

extended t o  A = 10 , it would be found th it all values of exceed
Fit  .

ii, - vu 1 no of  Z n I s J O t  i i n  in , d  1 
~ 

I yen A , i t i t t i :;  nil> Ic
i t  - j O  t e L -  - l t Ii1, - l i i i c ’ I L - - f o r  a m a l id t i n q  n r i  IV of any niimb t -i of t’ l t : n t - i t ii

1 - c -~ itoimi ’’ r ; 9 - u r - i nq I I , ;  e l i ’ iiit - n t s bt:tw , C i i  Z m u! ~~l zm and n L ) I V I I 5  L o t
y ,  i n - i  L .

IF i t -  abOVe ie~ i gui eq u a t i o n s  genera ted  I cones t ha t  are “uni-i e 1 1 ci”
5 ’  cal. 1 , - t i  i , ’c mn t ’ t i~ scale factor relating the l ens s ize and t i e
rad i t  i n g  an ny s t Z t~ was arbitrarily C l i o u t l i.  In order  to best meet

it - i e, _ 1t, ’ I t h t _ d, ’i ’  1~~n i ’ i i q i  nt ’eI , a scal in q  1 o -edurt’ is applied so
tha t  the ,:Il ;t f eed  pt s ition o’ odiices i i i  end— I cc beam from the array .
Furt-hermrir,’ , tin i~~ rture lenqth Is qiven a v a l u e  of unity, so that i i  I
d imens ion s  a t e  norma l i zt - i in t er ms  of I S ~ - i~~ - t - i  t i n :. Meth ods for

~~l - t  n n i nq  ( ‘ ‘ V t ! a q , -  ot I n - i -  t h a n  i- go I , - c i r , -e~
; on th~’ it-no— array combini—

t u n , ~i i  ~~
- 1 1 ; - m n : , t j  i i i  .-O ’c t  ion TV . A - t i  I t- t I d !  of

= ( t ( z )

is m u l t i p lied by all values of x , y , I , ,  ui - I -S to describe the  s c u l ed
lens dimensions . For t lie’ u n t o - u l e d  1 c i i : , t nt- ‘lqt- ft  i d  posit  ion , with
Z Z , product _ n .u beam wh ich ma k - ‘in l i l t !  I e in I a  t i v~ to the array nc rut ’
g iven  by s u m - 1>1 = 3 (~~~) 

~l ~~n~1 1/ 2 , w h u i S  1’ 1 (Zm ) ~md l 1 (Z m ) are

2 1 

— _ _ _ _ _
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pa t h l e n q t h s  from the ed ge of the feed curve to x = +1 on the Ion :  rur”i-
In order to make = 3( 1 deg . we multiply the lens dimensions by
2/[Q

~~(Zm
) - (

l ( z m) ) .  Then , in order to normalize all dimensions to an
al e r t - u n -  of u n i t y , we d i v ide by 2Z m~

I t  i n  l’~~~-~it ~1e to obtain  ‘ipproximate relat ionships for the scaled
lenses by a s s u m i n g  that  Zn = 1 and apply ing the scaling factor .  It is
then foun d  t h a t

F = C + 3/ A ,

where T is t h e  l ens  thickness or spacing between center points of the
lens and feed curve’- - D is the lens width , and G is th e edge gap or
minimum spacing between lens and feed curves . The smallest lens is
obtained for (~ = 0 , ‘r = 3/4 , and D = 1.

These design equations , sta r t i n g  with Equation (A-7), have been
programmed in BASIC languaqe . The program generates the following
outputs :

1. .  t inscaled wavef ron t  errors for the surface of Figure 4 , for
-1-52 and = Zn .

2.  Scaled dimensions  for the lens and feed curves .

3. T ran smiss ion  l i n e  l enq ths .

4 Ratio of lens element spacing to array element spacinq . - 
-

5. Overa l l  lens dimensions re la t ive  to array -— thickness ,
wid th , and ed ge gap .

In . Maximum wavefront  error for scaled lens .

Input data to the program are A and J, where the number of eli-’- -~~

ruents in the array and feeds to the lens are 23 + 1. Table A-I is
a l i s t i n g  of the j r n y r am .  Table 11-2 is a typical printout for A = *

-
- .91, J = 2 0 .

___  
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Table A.1
Listing of Lens Design Program

111 0 flI~ 1 :~~E. o ::. ~~~~~~ 
..u 1 fI

:: 
~t u 3 ( E ( ’ ” .LI .~II~S .~~~

-
‘~~A f l )

1 10  r’ ir~i 20
120 t IATO .~~1
125 PEAl) J
j :fj FEAt I A
I 35 : := 2— T A r 1 ~oATt - 4 •: 2.TA~” ’:~ .5.~~’TM( I - -‘ A’  ‘ “ ~

137 F~~Ir-1T ‘ — ‘ “r— ”r
140 F :3C1P(4+C.C)_C
j 5~

) V =2. —2.A÷e+:-:Cui~’ C 1 +A.A :-

160 V 2 V ~ V
170 A2=(A—C)..2
130 0=0
19’) 21t .55
—. -in  ‘~~‘—c. u .. ,.. — -

210 23= . Ut

~20 D:?=0
230 FOP 2=2 1 TO 22 -2TEP 2:3
240 G02.UB 121’ O
250 IF AE- ’ D1’~<~~B- :(D2 -• TI-4E~4 to
260 D=AB-~’-(Dl)
270 GO TO 290
230 P=AB3(P2)

290 IF D>P:3 THEN 310
300 GO TO :330
310 P3=13
720 NEXT 2

— -3 :30 IF <D:3— P) ’ P3- ’ IE—5 THE~I 3~~fl
340 21=2—2.23
350 2=Z
355 23=23- - I  0
360 0 0+ 1
370 iF 0=6 THEN 390
330 GO TO 220
390 24=2

-> 
4 00 PRINT D!L
410 21=1.05
420 2 2 = 1.2

430 ~3= .01
440 O~~~0

- c 450 FOP 2 = 1  TO 2 : T ~~~~P 3
460 u5O3IJB 12,1’? -;

470 IF AF3 <t I I )- ‘R33~ D2) THFF-1 ~ 0 ’T’
430 p3=Ar t : P1)
4.

~fl 130 TO ~ 1 0
500 D : ’ ~tI2”
51’:’ I F  t 13 ~ i T:-i I-- i4 c : u

~20 4 E:- : T 2
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530 22=2
540 1=2— ?
550 23=73-1 (1
560 ~‘= ‘3÷ i  — . ~~~~~~ 

£ —

570 IF 0=6 THEN c’.~~
530 GO TO 450

590 25=2
‘iO PR Ir-iT •‘ ZMR-~=”Z

510 PRINT “‘ ItR ’.JEF~’OF1T E~~~O~ C F0’ T MT ~~~~i~~L. ° J - T ”
620 FRIHT “ “ ,“D1” ,”ts2”
6-3 0 FOP 1=1 Tfl j
640 =I. 5- ’J
650 GO 2U B 1200
: .o  ::<(I)=:<
E~70 i’ I)=?

~2?.O D 1 ( I :~=D1
590 D2” I”=t ~2
700 L I) L

710  IF 1>1  THEN 740

720 3- (I)= - Q P ~~-- .- - ÷ ’-
~.Y)

7:30 GO TO 75’)
740 2< I ) = 3 0 P < (X — X (  I—i : •..

~~~+
‘-
~
‘— -

~~‘ i—i  :~750 PPIt -41 ,D1~~—P2
760 ME::<T I
7 70 PRINT ~,IAI/EFPOr-4T E~’~

- ’c- : ~~~ ET”3~~ ~ J~ T”
780 PRI N T •‘I~

•
~~

•l
~~ ’ ’ • P~~’•

~‘9’1 FOR 1 1  TO .J

~;00 =I•~~ . ’!
310 L4=2’~

P( ‘? ..A—C — -
~’(J- ’— ~ ‘ r r:’ )* .3+.~-n ( i — :~~ Y ‘ ‘•~~~

?)

:320 L5 3 O P(L 4.* 2+4 .X<J ~~ *X < I ”

9:30 B1=L2— L4— L’ - . t ) — < ’ _ -3— L t ) e2 - ’?
340 p2=pI+L5+’4+2.(L. T :—L3 -’
850 PRINT I~~DI.—D2360 NEXT I
870 PPIr-41 “3t~Ai Fp t’IMEN~ 10N3’
3:~.u) PRIn T ‘ : - -:“ • “ -

~~~
“ ‘“L” ,“

~~~ p, ’ T t -4~~~ ~“T !’ 1~
~~~~~ K= 1 -’( L 3— L 1 ’.2 5)

900 FORI=1 TO J
910 X (I)=K.X’I)
920 Y ( I -‘ = K4V (  I ‘
9:3 0 L ’ I) = V + L( I )

940 S’ I ) =:- -. . ~~‘ I)
9 50 PRINT :-- ( I::. ,’I’t: I) ,LtIl ,2.J.~~. T
96’) ~-lE :-? T I

25
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970 T= (2 .A— C’ .I
9.30 PRiNT “T~ I~~ r1E3~ =” T
990 PRINT “l,IiDTH~~”2.:~ ( l ~
1000 PRINT “EDGE GA~ =”T—?.Y’ .I~
loll ? PRINT “l~lAVEFp~~~T EPP~ P -‘A EPTU~~ =”~~.’
1013 PRINT
1 :116 PRINT
1020 GO TO 1:3 0
12 00 U F.2
1210 U2=U.U
122fj ~,J=~~. 2—IJ2).’3~~~1—A2)/2
12:3 0 El=4— 1J2—V2rA2
12d ’) B2=4.W .V’A2
1250 E3=U2—4--4 .~i.l,I,P~1260 X=<U,4).(—B2+-3,~~~~2.P2—4.P1.P:-’. ~ ‘Bt
1271’ ‘~=A— ( !,J— V .X ’IJ).’(A—C )
1280 L1=SOR( <X — t ) .~ 2j .M—V :’..; ~

)
129’) L2=30P (X.X+<2.~ — C—Y :~ ..i’1-300 L:3=-SOP( (X+1 )..2+(~~—~’)..~.>
1310 L4=2.A—C—2.Y
1320 L5=S’;!R<(.4.L4+4.~ .X)
1330 L 2.A -C—L2
1340 D1=L2— L4— L— (L3- .I)’?- ’2
1:350 D2=D1+L5+L4+2.(L—L.~

)
1360 RETURN
2000 END
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Table A-2
Sarnp k’ Print-Out of Lens Design Program

R= .91 C . 24 - ~~
’
~~ 1

[1= 5.E.90 14E—3 = .,5-76
2~1RX= 1. i:t6 0~,- .,AVEFPOrIT EPPO~ 3 FDP Ib4 T~~~HF4L ]

~ T
p 1

5.3’)299E— ;~ 6.3 3 i 2 F — 5  __
~~~_ 7-:_

~~~~ t

.10506 3.7o’ :~-E oE— $ _ ,:‘~~~~~~~~-~~ :.c F_

.15909 5, - .~~~°F—4 — 5. :~.15U~~~— 4

.21212 1.:4~E-~ ’1~~~— 3  —~~.39~~4~~~—4

.26515 1 .5T~~~ . ’
~~-.3 — 1  4~~o - ’~~~~ ::

.3181:3 2.20~~27E— ~~ — 1  .~~560~~F— ?

.371~~09 2.374~~3E — 3

.424239 3.-%191E— ’3

.477249 4.2275 7E— 3

.530299 4 . :~ 3~-94E— 3

.5:33329 5. :0351 E — .3 — 3. 4.~:5-~ - F—3

.6:36359 5.6143°F—?

.5893:39 5.~ .30~.3 E— ?

.742419 5.44( ’5 5 E —? — ? , ‘~ ,3~~ — 3

.795449 4.:3.?027~~— 3 --1 .9(~~?9F—3

.948479 --3.2.0554E—:3 — 001~~ 4

.901509 2.3355~- E—? —~~.l~’45~~ —4

.954539 7.9-?031E—4 —1 ~4 ’ 4 : u~~~—4
1.00757 3.37944 E—5 —4 .35
1.0606 5.59017E 3

“ AVEFRONT ERRORS FOP EDGE PC~ ’T
Dl ti?

1 — l . 7574 5E—4
2 — -? .65106 E—4

* 3 — 5.641 E.4E—4
4 —7.7’25 ?-3E—4
S — 9.90056E— 4

6 — I .2 14 2 3 E— ?

7 —I .44’: :51E— .~ ? .44 7 35 E—4
3 —1 .67 ’5:39E— -3
9 —1.90:?05E— -? 9.3~~~44E—4
10 —2.135025—-~
11 —2 .35409E—3
12 —2 .5541E.E—? .1,: 

~~~
- . - E— 4

13 _2.7 , :*~~E~~:
14 —2. ~:4 :5E’ —?
15 —2 .2 :3 1:E:~ E— 3
16 — 2 . T : E ’ t 9 3 — :
17 — 2 . ’431~~~ ’ E— 3
1 3 —1 •~~‘3-°:~.E—3 I

20 .,~~- i I 1 _ T : ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~

27



___________

I
SCA LED t’t t-IEH-L ITh1~ 

1 - ,

A .I~13 
‘~ -~T!~1

3.13571E—2 9. - 3 ~ 4 3E — 4 7 .~~~~~~~~~~~~~
- ’ -

~~ — 4

~ .1 -*-~• 1 ~~~~~ I

9.52477E —~ :::.~~.223 E_ ? 2.~~~~-~~~~— ?
.1266 13 1 .4: .:”~~ —2 4 .~~~~~0’-~~~~~~~~

E- - T

.157’~.61 2.-32 ? -2E—2 ‘.?~ 
.i~~ — : I ..?-36’~’-- .

I . f ’ 3 t 3 5 E — ~ I . 29 t3~.2 13424 4 .557E2 E— 3 1 ~~~~~~~~~~~
.247~ 65 5.9552-3E--2 I . 0726
.276826 7 .54 062E— 2 ~~.? 1,:5E~~2 1.31711
.304-906 9 . 3 I4~~ :E—2 .ii5 4~ I .32:3~~3
.3-32 104 .11277 5-? 0 7 7— ~E
.35 3:319 .134294 4 -239~~1E—2 1.35659
.3:33 43 ,2 .157724 5.0E7 .~ —~ I
. 407 -329 .18 :3066 ~~- .919’ ’~ —~ 1 .:3’~ .3?1
.429383 .2 11 13 ?  6 . 84~~ 1 Z — 3  1 . 4 1 5~~
.4 50-99 .239’522 ~~~~~~~~~~~~~~~~~~~ ~ — 2 1 .4$07’~.470531 .270638 R .9~~1 ~~E— ’ 1
.43:347:3 .30 3-3 5 .1 r~

(
~-94~ ~.505055 .3:334?.? .11279? i .54 1??

.522207 .374235 ~~~~~~ .1.59-974
TH I CK ME 32 = .790267
W IPTH= 1.04441
EDGE GA~ = . 04229~
~lAYEFPDtlT ERPJc’ -’APEPTUPE= 2 .AAf lA7 C~~?

- 
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